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ABSTRACT 
Attention has been focused on electromagnetic chirality and its potential applications to 
microwave, millimeter wave and optical wave devices. In this work, wave propagation through a 
chiral periodic structure with arbitrary shape is investigated.  
 
Although perturbation theory and coupled-mode theory have been used to analyze chiral 
periodic structure, those are approximate methods and can only be used for low frequency 
applications. In this work, the rigorous mode-matching method is used to solve the problem. 
Staircase approximation is introduced to change the curved structure to a multilayer structure. 
The field solutions in the uniform air regions and unbounded air-chiral periodic array have been 
derived. Finite element method is used to solve the eigenvalues and eigenfunctions in the 
periodic chiral slabs. Mode-matching method is used at the boundaries to calculate the scattering 
characteristics. Numerical results are displayed to explain the underlying physical properties of 
the chiral periodic structure. The Wood’s anomalies at high frequencies have been investigated 
and explained by the excitation of leaky waves guided along the periodic layer. The influence of 
frequency, chirality parameter, incident angle, curve shape and period are discussed. It has been 
found that the chiral periodic structure can be used as both a frequency selective device and a 
mode conversion device. First, the derivation and numeric calculation were done with the 
principal plane incidence. Then, the discussion was extended to the more general case of oblique 
incidence by the coordinate transformation.  
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CHAPTER 1. INTRODUCTION 
1.1 Electromagnetic Chirality 
Chirality is a geometrical concept that refers to the handedness of an object. Chiral objects are 
defined as those which cannot be brought into alignment with their mirror images through 
rotation or translation. 
 
In 19
th
 century, during the early investigation of light propagation in crystals and other optical 
active media, Arago [1] and Biot [2, 3, 4, 5] designated the concept of electromagnetic chirality. 
It has been recognized that the signature of optical active media is the rotation of the polarization 
plane for linearly polarized waves which traverse such media. Circular dichroism, as the lossy 
analog, is characterized by changes in the polarization ellipse eccentricity of waves which 
traverse lossy optical active materials [6]. The relationship between optical activity and 
geometrical characteristics of the molecules was first proposed by Pasteur [7], and was later on 
supported by Fresnel's transverse wave theory [8]. Followed the pioneers in the 19
th
 century, 
researches in 20
th
 century were continually done on the chiral media. Just to name a few, the 
microwave experiments [9,10] in the 1920's, the fundamental examinations of symmetry [11] 
and general bianisotropic media [12, 13, 14] in the 1960's and early 1970's. Bohren's investigated 
several boundary-value problems involving scattering from chiral spheres and cylinders [15, 16, 
17] circa 1975. In 1979, Jaggard, Mickelson and Papas presented a macroscopic model for the 
spring-loaded material. Their work [18] showed that, for springs very small compared to the 
wavelength, equivalent medium theory was applicable to describe a chiral medium. In the past 
 2 
couple of decades, the research activities on chiral media have been widely carried out. 
Considerable progress has been made in the theoretical modeling of chiral media [19-24], and in 
the theoretical predictions of their properties [25-31].  
 
Optical activity has been observed for numerous organic substances as well as acids [32]. It is 
also observed in organic-metallic compounds [33] and certain forms of nematic liquid crystals 
[34, 35]. Furthermore, synthetic chiral media may be created through the introduction of chiral 
inclusions in achiral host media. Such synthetic media have been analyzed [18, 36] and 
demonstrated in the microwave [9, 10] and optical [37] regimes. It has also been reported that 
several samples of artificial chiral materials have been fabricated in different laboratories [38-41] 
by embedding identical, randomly oriented chiral inclusions, often metal helices, in a continuous 
matrix in a non-chiral host medium. 
 
The use of chiral materials has been proposed in many areas. In 1988, Engheta and Jaggard [42] 
announced new, promising potential applications for novel artificial chiral materials. Since then 
attention has continually focused on electromagnetic chirality [43, 44, 45] and its potential 
applications to microwave, millimeter wave and optical wave devices. There have been 
increasing interest in the possibilities of using chiral media for producing coatings and devices in 
the microwave-frequency range [46]. At microwave frequencies, chiral materials may be used to 
reduce scattering from a body. This property is essential for applications that require a significant 
reduction in scattering from targets. A target may be made nearly invisible [47] using a proper 
selection of chiral coating. Single or multilayered chiral structures can be used in shielding 
applications through control of absorption and reflection [48, 49], and for reducing 
 3 
electromagnetic interference [50]. It can be used as substrates for printed patch antennas to lower 
the resonance frequency [51]. Covering an aperture antenna by a chiral radome with an 
appropriately varying chirality parameter can improve its radiation pattern [52]. Chiral media 
may also be used to adjust the polarization of inhomogeneous lens antennas [53], and to 
minimize the reflection coefficient at the feed of a radome-covered reflector antenna [54].  In 
biomedical engineering, chiral polymeric fiber has been investigated and finds its useful 
application [55]. 
 
The above-mentioned applications and many other applications of chiral materials are areas of 
interest where the numerical methods have been used for solving the electromagnetic scattering 
by chiral media. The analysis has been carried out using a variety of numerical methods, such as 
the finite-difference time-domain method, finite-difference frequency domain method, finite 
element method, mode matching method, method of moments, and so forth. Each method has 
certain advantages over others. A finite difference method was used by Engheta and Pelet to get 
the propagation properties of rectangular waveguide filled with chiral media [56]. The finite-
difference time-domain method is now widely used for investigating the chiral structures [57 - 
67]. The finite-difference frequency-domain technique was also presented for the calculation of 
electromagnetic scattering from chiral media [68]. A full vector finite-element algorithm was 
proposed by Svedin to analyze chirowaveguides [69, 70]. A finite element method based on the 
edge element was proposed by Valor and Zapata to analyze bianisotropic waveguides [71]. A 
hybrid finite element-boundary integral method was employed by Vegni and Bilotti to study the 
effects of a chiral cover on a cavity backed rectangular patch antenna [72, 73]. The mode 
matching method has also been used to analyze two dimensional discontinuities in closed type 
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chiral waveguides, for example, the parallel plate waveguide partially filled with chiral media 
[74, 75], the coaxial waveguide partially filled with chiral media [76], and the lossy chiral slabs 
in circular waveguides [77]. Perturbation theory and coupled-mode theory have been used to 
analyze chiral periodic structure [78-81]. Method of moments is also reported to study the wave 
scattering and properties of various chiral objects [82-88]. 
 
As summarized in [89], the underlying origin of electromagnetic chirality is a coupling between 
the electric and magnetic fields in the microstructure of the chiral medium. Materials composed 
of a collection of chiral objects of a common handedness exhibit electromagnetic chirality. 
Electromagnetic chirality relates the handedness of a medium at microscopic scale to its bulk 
properties through the coupling of electric and magnetic fields in the constitutive relations at 
macroscopic level [18, 90, 91]. When the chiral objects are uniformly distributed and randomly 
oriented, the material properties are isotropic and homogeneous [18]. General linear isotropic 
chiral media are described by the constitutive relations [18] 
 





EBH
BED
c
c
iξ/μ
 iξε  
 (1.1) 
where E is the electric field intensity, H is the magnetic field intensity, D is the electric 
displacement, and B is the magnetic induction. The material permeability and permittivity are 
represented by  and , respectively. The chirality admittance c is a quantity introduced to 
incorporate the effects of the coupling of electric and magnetic fields. It provides an additional 
degree of freedom for application. Here an tie   time harmonic excitation is assumed. For the 
real values considered here, the magnitude of c is a measure of the degree of chirality, while the 
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sign of c, specifies the medium handedness. When c > 0, the medium is right-handed; when c 
< 0, the medium is left-handed; and when c = 0, the medium is simple or achiral. 
 
The coupling of electric and magnetic fields in (1.1), when blended with source free Maxwell's 
curl equations 
  





DH
BE
iω
iω
 (1.2) 
produces chiral wave equations given by 
  02 2 





















H
E
H
E
H
E
c  (1.3) 
In homogeneous media the eigenmodes of the wave equation are right circularly polarized (RCP) 
and left circularly polarized (LCP) waves. Each eigenmode has a characteristic wavenumber 
which quantitatively describes the changes in polarization associated with optical activity and 
circular dichroism. In this way, the handedness of the medium is directly expressed by its 
distinctive interactions with circularly polarized electromagnetic waves of either handedness. 
The wavenumbers for the two eigenwaves are 
 
22
cck    (1.4) 
where the plus and minus subscripts denote the RCP wave and LCP wave , respectively. It can 
be shown that the electric field intensity and magnetic field intensity are linearly related by the 
chiral characteristic impedance 
 6 
 
2
c
c




  (1.5) 
A comparison of the electromagnetic characteristics of chiral and simple media is given in Table 
1-1. 
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Table 1-1: Comparison of the characteristics of simple and chiral media [89]. 
Simple Media Chiral Media 
 
Constitutive Relations: 
ED   
/BH   
 
 
Constitutive Relations: 
BED ci   
EBH ci  /  
 
Wave Equation: 
0][ 2  Ek  
 
Wave Equation: 
0]2[ 2  Ec  
 
Eigenwaves: 
Linear, circular or elliptical wave 
 
 
Eigenwaves: 
RCP and LCP waves only 
 
One Wavenumber: 
k  
 
 
Two Wavenumbers: 
22
cck    
 
One Wave Impedance: 
 /  
 
One Wave Impedance: 
)/( 2cc    
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1.2 Periodic Structure 
1.2.1 Floquet Theory 
Floquet theory is a basic theory to study the properties of periodic structures. It states that a time 
harmonic field   has the following property along the direction of periodicity, 
  x,y,z ed, y, z) (x dikx  0  (1.6) 
where x is the direction of periodicity, d is the period, and kx0 is the Floquet wavenunmber. 
Equation (1.6) shows that after one period in the space, the boundary conditions are same, and 
the fields only vary with a constant coefficient
dikx e 0 .  
 
Floquet theory can also been presented in another way. Assume (x, y, z)  can be expressed as  
  x,y,zP e(x, y, z) xikx0  (1.7) 
From (1.3), we have  
 





x,y,zPe
x,y,ze
d,y,zxP ed, y, z) (x
dxik
dik
dxik
x
x
x
)(
)(
0
0
0


 (1.8) 
That is,  
  x,y,zPd,y,zxP  (1.9) 
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So x,y,zP  is a periodic function. Equation (1.7) and (1.9) are equivalent to (1.6). They show 
that the field of a periodic structure is a nonperiodic function, but it can be expressed as the 
product of a periodic function x,y,zP  and an exponential function xikxe 0 . 
1.2.2 Space Harmonics 
Since x,y,zP  is a periodic function of x with period d, we can get its Fourier expansion  
 



n
x
d
n
i
n ezyxP


2
)(),,(  (1.10) 
where 00 zzyy  . Substituting (1.10) into (1.7),  
 



n
xik
n
xnezyx )(),,(   (1.11) 
 
d
n
kk xxn
2
0   (1.12) 
Therefore, the field components in a periodic structure can be presented as the superposition in 
(1.11). These 
xik
n
xne)(  waves are called space harmonics.  
 
From Floquet theory, we know that, for a periodic structure, if the field components in one 
period are solved, the fields in any other periods can also be determined. Therefore, it is 
sufficient to take only one period into consideration when studying the periodic structure. 
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1.3 Dissertation Organization 
In Chapter 2, we provide a rigorous mode-matching method combined with multimode network 
theory to analyze the scattering of chiral periodic structure. Finite element method is used to 
solve the eigenvalues and eigenfunctions in the periodic chiral slabs. Numerical results are given 
to discuss physical properties including the influence of frequency, angle of incidence and aspect 
ratio. At high frequencies, we find anomalous coupling regions known as Wood’s anomalies and 
are explained by the excitation and reradiation of leaky waveguide modes in the periodic layer. 
This device can possess both frequency selection and mode conversion properties. 
 
In Chapter 3, we consider the wave scattering through a chiral periodic structure with arbitrary 
surface shape. The chiral region is discretized into a multi-layer structure. For each layer, it is a 
chiral periodic structure. We use similar method in chapter 2 to solve the eigenvalues and 
eigenfunctions of unbounded periodic chiral slabs in each layer.  Multimode network theory is 
used in the longitudinal direction to calculate the scattering matrices at the boundaries (air-chiral 
or chiral-chiral interface) and further combine them together to get the scattering matrix of the 
whole chiral periodic structure.  
 
In Chapter 4, we consider the non-principal incidence case, i.e., 0


y
. In the previous 
chapters, we only consider principal plane incidence. To solve the oblique incidence case, 
coordinate transformation is performed so that in the new coordinate system, it is a principal 
incidence case. We use the finite element method to solve the eigenvalues and eigenfunctions of 
unbounded periodic chiral slabs. Then do the coordinate transformation again to go back to the 
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original coordinate system. Mode-matching is applied at the boundaries to analyze the scattering 
of the chiral periodic structure. 
 
A conclusion is provided in Chapter 5. 
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CHAPTER 2. PHYSICAL PROPERTIES OF CHIRAL GRATING 
2.1 Introduction 
Wu and Jaggard investigated the wave scattering by chiral grating. In their work [89, 92], the TE 
mode incidence was studied using the mode-matching method. The physical properties were 
briefly analyzed.  
 
In this chapter, we carry Wu and Jaggard’s studies further by discussing the physical properties 
of wave scattering by chiral grating in more details [93]. The influence of the parameters, such as 
frequency, incident angle, and aspect ratio of the structure, are discussed. The physical 
explanations of the results of the numerical calculations are also provided. Finite element method 
is used to solve the eigenvalue and eigenfunction in the unbounded periodic chiral slabs. 
Comparing to the mode matching method used in [89, 92], finite element method is more 
flexible. It can be used to solve the multi-layer problem, and be applied to solve the field in an 
arbitrary shaped chiral structure. TM incidence is considered in the numerical calculations in this 
work. 
 
The periodic structure shown in Figure 2-1(a) is composed of alternating chiral bars with 
dielectric constant 1 and 2, chirality parameter κ 1 and κ 2, and width d1 and d2. The height of 
the grating is assumed to be h. The semi-infinite layers above and below the periodic layer are 
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designated as air regions with dielectric constant 0. As indicated, the geometry of the structure is 
described in terms of rectangular coordinates x, y, and z with periodicity along the x axis.  
 
Let a uniform plane wave be incident from the air region above the grating. We assume the 
grating is infinitely long in the y direction and the wave is incident in a direction parallel to the xz 
plane so that the y component of the incident wave vector ky = 0 and the fields are invariant along 
the y direction or 0


y
. This case of incidence is referred to as the case of principal plane 
incidence. The angle between the direction of the incident wave vector and the z axis is defined 
as the incident angle θ . The wave vector of the incident plane wave has two components  
 sin0kk x   (2.1) 
 cos0kk z   (2.2) 
where k0 is the propagation constant of a plane wave in the air which is a known parameter. 
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(a) 
 
(b) 
Figure 2-1: (a) Configuration of a chiral grating and (b) its bisection due to symmetry. 
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In the presence of the chiral grating, all the space harmonics or Fourier components with both 
TM and TE polarizations are excited in the air regions. We also call each space harmonic a 
Floquet mode, which is a plane wave and propagates independently in the air region. When the 
chirality of the grating vanishes, TM and TE polarized modes can be treated independently and 
no coupling between TM and TE modes. This dielectric grating has been investigated in [94] as 
frequency selective surface. On the other hand, when the chirality of the grating exists, TM and 
TE modes in the two air regions above and below the periodic layer will couple with each other 
at the air-grating boundaries.  
 
Whereas the amplitudes of these Floquet modes are to be determined by the mode-matching 
procedure that follows, the propagation constant of the nth space harmonic is related readily to 
that of the incident plane wave by 
 
d
n
kk xxn
2
 , for n =  · · ·, -2, -1, 0, 1, 2, · · ·,  (2.3) 
 
where d is the period and kx is the x component of the propagation vector of the fundamental 
harmonic and is equal to that of the incident plane wave given by (2.1). kx is also known as 
Floquet wavenumber for the entire grating including both the two uniform air regions and the 
chiral periodic layer. To emphasize its importance, we use xkK   to denote the Floquet 
wavenumber in the following context. K is related to the Floquet theory which links fields at (x, 
y, z) and fields a period away at (x + d, y, z), that is 
 F(x+d, y, z) = λ F(x, y, z)  (2.4) 
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where F denotes either electric or magnetic field, and )exp(iKd .   
 
In the next section, we analyze the field solutions in the uniform air regions and an unbounded 
chiral periodic array. After that, we perform mode-matching at the air-grating boundary and 
calculate the scattering characteristics. The symmetry properties of the structure are also 
employed to simplify the analysis. Numerical results are displayed to explain the underlying 
physics of the chiral grating. 
2.2 Scattering Characteristics in the Longitudinal Direction 
2.2.1 Modal Functions in the Uniform Air Regions 
In the air regions, where the media are spatially uniform, each Floquet mode propagates 
independently, which can be either TM or TE polarized. If kzn is a real value, the Floquet mode is 
a propagating mode; otherwise, if kzn is an imaginary value, the Floquet mode is an evanescent 
mode. The field representations for Floquet modes are well-known [95]. The transverse electric 
and magnetic fields in the air region can be expressed as follows 
 )()(),( zUxzxE
n
nny      (2.5)  
 )()(),( zUxzxH
n
nny      (2.6)  
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 )()(),( zJxzxE
n
nnx      (2.7) 
 )()(),( zJxzxH
n
nnx      (2.8) 
where )(zU n , )(zU n , )(zJ n  and )(zJ n  are the modal voltages and currents of the nth TE and TM 
modes. Here, we use a single prime to denote quantities for TE modes, a double prime for TM 
modes and no prime for either TE modes or TM modes. )(xn  is the normalized modal function 
in the x direction given by 
 dxikx xnn /)exp()(   (2.9) 
where 
 
mn
d
nm dxxx  0
* )()(  (2.10) 
mn  is the Kroneker’s delta function. 
2.2.2 Field Representations in an Unbounded Periodic Array of Chiral Slabs 
To construct a complete set of characteristic solutions for the chiral periodic layer in Figure 2-
1(a), we extend its height vertically to infinity in both directions along the z axis, as shown in 
Figure 2-2, resulting in an unbounded periodic array of alternating layers. If we take a look at 
one period of the structure and set two boundaries at x = 0 and x = d, we can view this period as a 
planar chirowaveguide with periodic boundary condition defined by the Floquet theory (2.4). 
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The modal spectrum of this special planar chirowaveguide consists of a complete set of 
discretized eigenmodes, which is similar to the discrete spectrum of closed waveguides. These 
so-called Floquet modes have different wavenumbers in the z direction but have the same 
Floquet wavenumber K along the x axis. To solve the fields in the unbounded periodic chiral 
slabs, we need find the eigenvalues and eigenfunctions of the Floquet modes propagating in the z 
direction.  
 
 
Figure 2-2: Configuration of an unbounded periodic array of chiral slabs. 
 
For chiral media, the constitutive relations for time-harmonic fields ( tie  ) may be written as [43, 
44, 45] 
 D = E + icB (2.11) 
 H = B/ + icE (2.12) 
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where c is the chirality admittance,  is the permittivity, and  is the permeability. Substituting 
the above constitutive relations into Maxwell’s curl equations, we obtain 
 EHE ci    (2.13) 
 HEH cci    (2.14) 
where 
 2cc    (2.15) 
and the chirality parameter  defined as 
 
c
c


   (2.16) 
 
For principal plane incidence case, i.e., 0


y
, we may write the field components as follows to 
separate variables: 
 )()( zJxeE xx   (2.22) 
 )()( zUxeE yy   (2.23) 
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 )()( zUxeE zz   (2.24) 
 )()( zJxhH xx   (2.25) 
 )()( zUxhH yy   (2.26) 
 )()( zUxhH zz   (2.27) 
Substituting (2.22)-(2.27) into (2.13) and (2.14), we get 
 )(
)(
zJZik
dz
zdU
cz  (2.28) 
 )(
)(
zUYik
dz
zdJ
cz  (2.29) 
 0)()(
~
)()(
)(
)(
~ 22  xxkxx
dx
xd
x
dx
d
z ΦKK
Φ
K   (2.30) 
where 
 






)(
)(
)(
xh
xe
x
y
y
Φ  (2.31) 
 







 

)()()()(
)()()()(
)(
xixxx
xxxxi
x
c
cc


K  (2.32) 
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











)()()()(
)()()()(
)(1
1
)(
~
2
xixxx
xxxxi
x
x
c
cc



K  (2.33) 
Equations (2.28)-(2.29) are the equivalent transmission-line equations in the z direction. Here 
U(z) and J(z) are the voltage and current amplitudes of the eigenmode in the planar 
chirowaveguide, kz is the longitudinal propagation constant of the eigenmode, and Zc is the 
characteristic impedance, which is normalized as 0.1/1  cc YZ  in our model. The eigenvalues 
and eigenfuctions of planar chirowaveguide can be obtained by solving equation  (2.30) with the 
use of the one-dimensional second-order (quadratic) finite-element method. It can be shown that 
equation (2.30) is equivalent to the variation problem of the following functional: 
 






d
T
z
T
T
dxxxxkxxx
dx
xd
x
dx
xd
xF
0
*2*2
*
)()(
~
)()()()(
)(
)(
~)(
)]([ ΦKΦΦKΦ
Φ
K
Φ
Φ   (2.34) 
where the superscript T indicates the matrix transpose, and * indicates complex conjugation. 
 
If we divide the region dx 0  into a number of quadratic line elements, the eigenfunctions 
)(xΦ  can be interpolated as 
 


M
e
eeT xx
1
)()( ΨNΦ  (2.35) 
where M is the total number of elements, 
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




















e
y
e
y
e
y
e
y
e
y
e
y
e
h
h
h
e
e
e
3
2
1
3
2
1
Ψ  (2.36) 
 





















)(0
)(0
)(0
0)(
0)(
0)(
)(
3
2
1
3
2
1
xN
xN
xN
xN
xN
xN
x
e
e
e
e
e
e
e
N  (2.37) 
Here, eyme  and 
e
ymh  (m = 1, 2, 3) are, respectively, the nodal values of eigenfuctions ye  and yh  in 
the eth element. )(xN em  (m = 1, 2, 3) are the interpolating basis functions in the eth element as 
 )12( 111 
eee LLN  (2.38) 
 eee LLN 212 4  (2.39) 
 )12( 223 
eee LLN  (2.40) 
where 
 
12
2
1
xx
xx
Le


  (2.41) 
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12
1
2
xx
xx
Le


  (2.42) 
Substituting (2.35) into (2.34), and integrating over all the element area, one can show that the 
variational problem of (2.34) becomes  
 


M
e
ee
z
e k
1
2 0)( ΨDA  (2.43) 
where 
 dx
x
x
x
x
x
dxxxx
eT
x
x
e
eT
x
x
ee




 
)(
)(
~)(
)()()(
2
1
2
1
2 N
K
N
NKNA   (2.44) 
 dxxxx eT
x
x
ee )()(
~
)(
2
1
NKND   (2.45) 
Since it is a periodic structure, the eigenfuctions at the 3rd node in the Mth element (i.e., at x = d) 
are related to those at the 1st node in the 1st element (i.e., at x = 0) by  as described in equation 
(2.4) according to Floquet theory. After summing the contributions of all the elements, the 
generalized algebraic eigenvalue problem 
 DΨAΨ 2zk  (2.46) 
is given, from which the eigenvalue and eigenfunction for each mode in the planar 
chirowaveguide can be obtained. 
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In Figure 2-1(a), general field solutions in the chiral periodic layer may be expressed in terms of 
the superposition of the complete set of eigenfunctions. For transverse field components, we 
have 
 )()(),( zUxezxE
n
nyny   (2.37) 
 )()(),( zUxhzxH
n
nyny   (2.38) 
 )()(),( zJxezxE
n
nxnx   (2.39) 
 )()(),( zJxhzxH
n
nxnx   (2.40) 
The orthogonality relation for lossless media between two eigenmodes can be proved to be  
 
mn
d
xmynynxm dxhehe 0
** )(  (2.41) 
where 
mn  is the Kroneker’s delta function. 
2.2.3 Mode-matching 
At the air-grating interface, the tangential field components must be continuous. Therefore at z = 
-h/2, the fields in (2.5)-(2.8) must be equal to those expressed in (2.37)-(2.40), respectively. Then 
we can derive  
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 UMU   (2.42) 
 JNJ   (2.43) 
The quantities with overbars indicate those in the chiral grating. And the definitions of the super 
vectors in (2.42) and (2.43) are as follows: 
 








U
U
U  (2.44) 
 








J
J
J  (2.45) 
and the super coupling matrices are 
 






2
1
M
M
M  (2.46) 
 






2
1
N
N
N  (2.47) 
where   
 
d
ynmmn dxxex
0
*
1 )()()( M  (2.48) 
 
d
ynmmn dxxhx
0
* )()()( 2M  (2.49) 
 26 
 
d
xnmmn dxxhx
0
* )()()( 1N  (2.50) 
 
d
xnmmn dxxex
0
* )()()( 2N  (2.51) 
On the other hand, we can also obtain 
 UUN*   (2.52) 
 JJM*   (2.53) 
Therefore, one can show that the following matrix identities hold for the present case 
 INMMN **   (2.54) 
where I  is the unit matrix. 
 
Since the terminal plane at z = 0 for the transmission line network in Figure 2-1(b) is either open-
circuit or short-circuit, the input impedance matrices at the z = (-h/2)
+
 plane looking down are 
diagonal matrices whose diagonal elements can be determined by 
 )2/cot()( hkZi zncnn oZ  (2.55) 
 )2/cot()( hkZi zncnn sZ  (2.56) 
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where subscript o and s denote open-circuit and short-circuit bisections, respectively. From 
equations (2.42), (2.43), (2.52) and (2.53), the input impedance matrices at the z = (-h/2)
-
 plane 
looking down are determined by 
 *oo MZMZ   (2.57) 
 *ss MZMZ   (2.58) 
from which we can obtain reflection matrices Ro for the open-circuit bisection and Rs for the 
short-circuit bisection:  
 ]Z[Z]Z[ZR co
1
coo 
  (2.59) 
 ]Z[Z]Z[ZR cs
1
css 
  (2.60) 
where Zc is the characteristic impedance matrix in the air region. Therefore, the total reflection 
matrix R at the z = (-h/2)
-
 plane and transmission matrix T at the z = (h/2)
+
 plane of the entire 
structure shown in Figure 2-1 can be determined by 
 2/)R(RR so   (2.61) 
 2/)R(RT so   (2.62) 
If we assume that the incident wave is the n
th
 surface wave mode of the input waveguide with 
power 1.0, then the reflected power Prm of the m
th
 mode in the input wavegiuide and the 
transmitted power Ptk of the k
th
 mode in the output waveguide can be determined respectively by 
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2.3 Numerical Results and Physical Interpretations 
Based on the analysis of previous sections, we have carried out numerical calculations for an 
example. We consider TM wave incidence case in all the simulations. 
2.3.1 Frequency 
We arbitrarily choose the angle of incidence θ = 45o. We set d1 = d2 = d/2 and h/d = 1.8, and 
assume 1 = 2  = 0, c1 = 2.50 and c2 = 1.50. We also take 1 = 2 = 0.1 in the analysis. When 
we fix h/d = 1.8, only n = 0 space harmonic can propagate in the air if the normalized frequency 
variable k0h < 6.63, at which point the n = -1 space harmonic in the air switches from cutoff to 
propagating along z. In the following, we restrict our discussion of wave reflection and 
transmission up to k0h < 6.63. 
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(a) 
 
(b) 
Figure 2-3: (a) Wave reflection and transmission by a uniform chiral slab. At low frequencies, 
this is a simplified model for wave reflection and transmission by a chiral grating. (b) Process of 
guided wave excitation and plane wave reradiation when the phase-matching condition k0sinθ = 
2π/d-β0 is satisfied. The incident plane wave couples to the n = -1 space harmonic of a 
waveguide mode traveling to the -x direction. 
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At lower frequencies, when only two Floquet modes in the chiral grating are propagating along 
the z direction, the chiral grating acts approximately as a uniform chiral slab (shown in Figure 2-
3(a)) with parameters equal to the average of those for the periodic layer [96, 97]. This is due to 
the fact that the propagation constants along the longitudinal z direction of the first two Floquet 
modes kz1 and kz2 are approximately equal to the z component kz+ and kz- of the wavenumber k+ 
and k- of RCP and LCP eigenwave inside the uniform chiral slab, respectively. We have checked 
this simplified model and have shown in Figure 2-4 that it is an excellent approximation for 
wave scattering by chiral grating at low frequencies. 
 
At higher frequencies, there are more than two Floquet modes propagating along z in the chiral 
grating. When a plane wave is incident on the top surface of the grating, some of its energy are 
directly reflected by the top surface while the rest of its energy will generate these Floquet modes 
which are multiply bounced up and down within the layer and leak out higher order reflected and 
transmitted waves in the air regions. At some frequencies, some of reflected or transmitted waves 
will add constructively in the air and peaks will occur; while at some other frequencies, they will 
add destructively and valleys will occur. These peaks and valleys can no longer be found in the 
scattering of a simplified model of uniform chiral slab (shown in Figure 2-5) and are known as 
Wood’s anomalies which can be carefully explained by an alternative way associated with the 
excitation of leaky waves guided along the periodic layer as shown in Figure 2-3(b) [94, 98-100]. 
In Figure 2-3(b), the chiral period layer can support waveguide modes and each waveguide mode 
consists of a series of space harmonics due to periodicity, one of which has propagation constant 
that is very similar to a mode in a uniform planar chirowaveguide having average parameters as 
shown in Figure 2-3(a). This space harmonic is designated as the n = 0 space harmonic. Its 
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wavenumber β 0 along x is close to the wavenumber β  of a waveguide mode in the planar chiral 
waveguide. 
 
In Figure 2-5, at the higher frequencies, we can find five coupling regions, which are 
corresponding to the coupling of incident TM wave to waveguide modes R0, R1, L0, L1 and R2, 
respectively. The center frequencies of the coupling regions satisfy the phase-matching condition  
 

sin
2
0k
d
 . (2.65) 
Or, in terms of the normalized frequency k0h,  
 

sin)
2
( 0hkh
d
 . (2.66) 
And we also get 
 2
0
2
0
)sin
2
()( 


hdk
h
k
. (2.67) 
The dispersion diagrams of the n = 0 space harmonic of these five modes (R0, R1, L0, L1 and R2) 
are approximately given in Figure 2-6. There are five intersections with the curve of equation 
(2.67). The normalized center frequencies of these intersections are k0h = 5.18, 5.69, 5.89, 6.37 
and 6.38. It explains the five coupling regions in Figure 2-5. These estimated normalized 
frequencies agree very well with the center frequencies of the coupling regions in Figure 2-5. 
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Figure 2-4: For TM wave incidence, the normalized power versus normalized frequency variable 
k0h up to 5. Here 1 = 2  = 0, c1 = 2.50, c2 = 1.50, 1 = 2 = 0.1, θ = 45
o
, d1 = d2 = d/2 and 
h/d = 1.8. The solid lines show the results of a chiral grating in Figure 2-1(a). The dashed lines 
show the results of a uniform chiral slab in Figure 2-2(a). 
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Figure 2-5: For TM wave incidence, the normalized power versus normalized frequency variable 
k0h from 5 to 6.63. Here 1 = 2  = 0, c1 = 2.50, c2 = 1.50, 1 = 2 = 0.1, θ = 45
o
, d1 = d2 = d/2 
and h/d = 1.8. The solid lines show the results of a chiral grating in Figure 2-2(b). The dashed 
lines show the results of a uniform chiral slab in Figure 2-2(a). 
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Figure 2-6: Dispersion diagrams for eigenmodes of planar chirowaveguide in Figure 2-3(a). 
These are approximate dispersion diagrams for the n = 0 space harmonic of waveguide modes in 
Figure 2-3(b) with 1 = 2  = 0, c1 = 2.50, c2 = 1.50, 1 = 2 = 0.1, θ = 45
o
, d1 = d2 = d/2 and 
h/d = 1.8. The dashed line is 2
0
2
0
)sin
2
()( 


hdk
h
k
, to check the phase-matching conditions. 
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In Figure 2-6, we find the dispersion diagram of R1 mode crosses that of L0 mode at k0h = 4.66. 
When k0h > 4.66, the propagation constant of R1 mode is greater than that of the L0 mode and the 
second (third) coupling region is due to the coupling of incident wave to the R1 mode (L0 mode) 
rather than the L0 mode (R1 mode). The dispersion diagram of R2 mode also crosses that of L1 
mode at k0h = 6.47. When k0h > 6.47, the propagation constant of R2 mode is greater than that of 
the L1 mode. Since the fourth and the fifth coupling regions appear before the crossing point (k0h 
= 6.47), the incident wave still couples to the L1 mode before it starts coupling to the R2 mode.  
2.3.2 Angle of Incidence 
To see the effect of the angle of incidence θ, we fix the normalized frequency k0h = 5.8. And still 
set d1 = d2 = d/2, h/d = 1.8, and assume 1 = 2  = 0, c1 = 2.50 and c2 = 1.50. We also take 1 
= 2 = 0.1 in the analysis. When we fix k0h = 5.8, only n = 0 space harmonic can propagate in the 
air if the angle of incidence θ < 71.5o, at which point the n = -1 space harmonic in the air 
switches from cutoff to propagating along z. Here we restrict our discussion of wave reflection 
and transmission up to θ < 71.5o. 
 
In Figure 2-7, we can also find five coupling regions. By checking the corresponding dispersion 
diagram in Figure 2-8, we may find five discrete frequencies with approximate incident angles at 
θ = 27.5o, 41.4o, 47.6o, 64.4o and 68.5o, which satisfy the phase-matching condition of equation 
(2.67). They are due to the coupling of incident TM wave to waveguide modes R0, R1, L0, L1 and 
R2, respectively. Again, these estimated normalized frequencies agree very well with the center 
frequencies of the coupling regions in Figure 2-7. 
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Figure 2-7: For TM wave incidence, the normalized power versus incident angle θ, up to 71.5o. 
Here 1 = 2  = 0, c1 = 2.50, c2 = 1.50, 1 = 2 = 0.1, d1 = d2 = d/2, h/d = 1.8 and k0h = 5.8.  
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Figure 2-8: Dispersion diagrams for eigenmodes of planar chirowaveguide in Figure 2-2(a). 
These are approximate dispersion diagrams for the n = 0 space harmonic of waveguide modes in 
Figure 2-2(b) with 1 = 2  = 0, c1 = 2.50, c2 = 1.50, 1 = 2 = 0.1, k0h = 5.8, d1 = d2 = d/2 
and h/d = 1.8. The dashed line is 2
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, to check the phase-matching 
conditions. 
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2.3.3 Frequency and Incident Angle 
In Figure 2-9 and Figure 2-10, we explore the effects of both k0h and θ to the normalized power. 
We still restrict our discussion of wave reflection and transmission for those k0h and θ values 
with only n = 0 space harmonic propagating along z. That is to say, k0h < 6.63 and θ < 71.5
o
. 
Figure 2-9 shows the 3-D plots of the normalized power. Those coupling regions are visualized 
as peaks and valleys in each sub-plot. Figure 2-10 is the contour plot of the normalized power. 
The color bars show the colors with different values they represent. We can clearly see the five 
coupling regions in each sub-plot. For θ = 45o, there are five coupling regions. And if we check 
for k0h = 5.8, we may also find five coupling points. Those are exactly what we expect according 
to our previous discussions. The magenta lines in Figure 2-10 are made up of all the (θ, k0h) 
pairs, which satisfy the phase-matching equation (2.67). These five magenta curves agree very 
well with the visible coupling regions.   
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 40 
 
 
Figure 2-9: For TM wave incidence, the normalized power versus normalized frequency variable 
k0h and angle of incidence θ. Here 1 = 2  = 0, c1 = 2.50, c2 = 1.50, 1 = 2 = 0.1, d1 = d2 = 
d/2 and h/d = 1.8. 
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Figure 2-10: For TM wave incidence, the normalized power versus normalized frequency 
variable k0h and angle of incidence θ. Here 1 = 2  = 0, c1 = 2.50, c2 = 1.50, 1 = 2 = 0.1, d1 
= d2 = d/2 and h/d = 1.8. The magenta lines are 
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 42 
2.3.4 Aspect Ratio 
In the above discussions, we set d1 = d2 = d/2. Therefore, the ratio d1/d = 0.5. If we set k0h = 5.8, 
θ = 45o, and h/d = 1.8, and still assume 1 = 2  = 0, c1 = 2.50, c2 = 1.50, 1 = 2 = 0.1, then 
we may get the results shown in Figure 2-11 with different d1/d ratio. We can find two coupling 
regions with approximate ratio d1/d = 0.38 and 0.60. We notice that there are only two coupling 
regions in this case, instead of five in the previous discussions when we plot the normalized 
power in terms of frequency k0h or incident angle θ. This can be explained when we refer to the 
dispersion diagram shown in Figure 2-12. In this case, phase-matching condition is only satisfied 
for R1 and L0 modes, while for the other modes, no intersection with the dashed phase-matching 
curve. 
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Figure 2-11: For TM wave incidence, the normalized power versus radio d1/d, with 1 = 2  = 0, 
c1 = 2.50, c2 = 1.50, 1 = 2 = 0.1, h/d = 1.8, k0h = 5.8 and θ = 45
o
.  
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Figure 2-12: Dispersion diagrams for eigenmodes of planar chirowaveguide in Figure 2-2(a). 
These are approximate dispersion diagrams for the n = 0 space harmonic of waveguide modes in 
Figure 2-2(b) with 1 = 2  = 0, c1 = 2.50, c2 = 1.50, 1 = 2 = 0.1, k0h = 5.8, θ = 45
o
 and h/d 
= 1.8. The dashed line is 2
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2.3.5 Frequency Selection and Mode Conversion 
It is interesting that at k0h = 6.62, θ = 45
o
, and d1/d = 0.5, both reflected power (7.96%) of TM 
wave and reflected power (0.65%) of TE wave are very weak, TM transmitted wave takes 
15.08% of incident power and TE transmitted wave takes as high as 76.31% of incident power. 
This shows that the chiral grating can be used as both a frequency selective device and a mode 
conversion device. 
 
2.4 Conclusion 
We have studied wave scattering by chiral grating. At lower frequencies, a uniform chiral slab 
can be used as a simplified model. While at higher frequencies, we have found anomalous peaks 
and valleys which cannot be explained by the simplified model. But they can be explained by the 
excitation of leaky waves guided along the periodic layer. The incident wave will couple to a 
space harmonic of a waveguide mode when phase-matching condition satisfies and excite this 
waveguide mode. Once excited, this leaky waveguide mode will reradiate using the same space 
harmonic. Physical properties including the influence of frequency, angle of incidence and aspect 
ratio are discussed. We have found the chiral grating can be used as both a frequency selective 
device and a mode conversion device.  
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CHAPTER 3. CHIRAL PERIODIC STRUCTURE WITH ARBITRARY 
SHAPE 
3.1 Introduction 
In this chapter, we consider the wave scattering through a chiral periodic structure with arbitrary 
surface shape. Shown in Figure 3-1 is a chiral structure with surface shape of sinusoidal function. 
It can be discretized into a multi-layer structure. For each layer, it is a chiral periodic structure. 
We use similar method in chapter 2 to solve the eigenvalues and eigenfunctions of unbounded 
periodic chiral slabs in each layer, and use mode-matching at the boundaries. 
 
Figure 3-1: A chiral structure with surface shape of sinusoidal function. 
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3.2 Air - Chiral Interface 
At the air-grating interface, the tangential field components must be continuous. Therefore at z = 
0, the fields in (2.5)-(2.8) must be equal to those expressed in (2.37)-(2.40), respectively. Then 
we can derive  
 UMU   (3.1) 
 JNJ   (3.2) 
The quantities with overbars indicate those in the chiral grating. And the definitions of the super 
vectors in (3.1) and (3.2) are as follows: 
 
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and the super coupling matrices are 
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where   
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On the other hand, we can also obtain 
 UUN*   (3.11) 
 JJM*   (3.12) 
Therefore, one can show that the following matrix identities hold for the present case 
 INMMN **   (3.13) 
where I  is the unit matrix. 
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Figure 3-2: Air-chiral interface. 
 
3.3 Chiral Layer i and Layer i+1 Interface 
At z= zi, interface of layer i and layer i+1, (shown in Figure 3-3), the tangential components also 
need to be continuous, namely, 
 ),(),( iyiy zxEzxE   (3.14) 
 ),(),( iyiy zxHzxH   (3.15) 
 ),(),( ixix zxEzxE   (3.16) 
 ),(),( ixix zxHzxH   (3.17) 
where the quantities with overbars are those in the (i+1) layer. From (3.14)-(3.17), we obtain: 
 )()()()( i
n
nyni
n
nyn zUxezUxe    (3.18) 
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n
nxni
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Above four equations hold for any x at z = zi within the enclosure. 
 
From equation (3.18) and (3.19),  
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From the orthogonality relation 
   mn
d
xmynynxm dxxhxexhxe 0
** )()()()(  (3.23) 
We may have 
   mn
d
xmynynxm dxxhxexhxe 0
** )()()()(  (3.24) 
Applying (3.24) in (3.22), we get 
  dxxhxexhxezUzU d xmynynxmi
n
nim   0
** )()()()()()(  (3.25) 
Similarly, from (3.20) and (3.21), we can get 
 51 
   
 
n
d
xnymymxnin
n
d
xnymymxnin dxxhxexhxezJdxxhxexhxezJ
00
)]()()()([)()]()()()([)( (3.26) 
Using the orthogonality relation in equation (3.23), we have 
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Writing (3.25) and (3.26) in matrix form yields: 
 UMU   (3.28) 
 JNJ   (3.29) 
where the coupling matrices M  and N  are as follows: 
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 (3.31) 
On the other hand, we may also get the following equations from (3.18) – (3.21): 
 UNU   (3.32) 
 JMJ   (3.33) 
Here superscript ―+‖ denotes complex conjugate transpose. 
Therefore,  
 INMMN    (3.34) 
where I  is the unit matrix. 
 
Figure 3-3: Chiral layer i and layer i+1 interface. 
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3.4 Wave Scattering 
3.4.1 Layer-layer Interface 
At each layer-layer interface, using (3.1)-(3.2) or (3.28)-(3.29), we may have its ABCD matrix:  
 























J
U
M0
0M
J
U
 (3.35) 
From ABCD matrix, we can easily get the corresponding S matrix. 
 
Figure 3-4: Each layer-layer interface is a two-port multi-mode network. 
 
We know that 
 b)(aZU   (3.36) 
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 )ba(ZU   (3.37) 
 b)(aYJ   (3.38) 
 )ab(YJ   (3.39) 
 





















a
a
SS
SS
b
b
2221
1211
 (3.40) 
Substituting (3.36)-(3.40) into (3.35), we have 
 







)ab(YMb)(aY
)ba(ZMb)(aZ
 (3.41) 
The above equation can re-written as 
 







)ab(YMZba
)ba(ZMYba
 (3.42) 
Adding the two equations in (3.42) together produces  
 a)YMZZMY(b)YMZZMY(a  2  (3.43) 
then we get 
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a)YMZZMY()YMZZMY(
a)YMZZMY(b




1
12
 (3.44) 
Therefore, 
 12  )YMZZMY(S21  (3.45) 
 )YMZZMY()YMZZMY(S22
  1  (3.46) 
From equation (3.42), we also get 
 
a)SZMYZMY(I)aSZMY(
aaZMYbZMYb
2221 

 (3.47) 
from which, we may solve 11S  and 12S : 
 ISZMYS 2111   (3.48) 
 2212 SZMYZMYS   (3.49) 
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3.4.2 Propagation in the Layers 
 
Figure 3-5: Propagation in a layer. 
 
We now have the S matrix for the layer-layer interface in (3.50): 
 

















12221
1211
1 a
a
SS
SS
b
b
 (3.50) 
Once the wave goes across the layer-layer interface, it will propagate in the next layer. Since it is 
nothing but phase change when propagating inside the layer, we have (3.51) and (3.52): 
 21 bIb )(
hikze
  (3.51) 
 21 aIa )(
hikze
  (3.52) 
Substituting (3.51) and (3.52) into (3.50), we get: 
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 


















22221
1211
2 aI
a
SS
SS
bI
b
)()(
hikhik zz ee
 (3.53) 
Re-arranging (3.53), we have 
 



















22221
1211
2 a
a
ISISI
ISS
b
b
)()()(
)(
hikhikhik
hik
zzz
z
eee
e
 (3.54) 
Therefore, layerS , the S matrix of each layer (including one layer-layer interface) is as follows: 
 








)()()(
)(
ISISI
ISS
S
2221
1211
hikhikhik
hik
layer
zzz
z
eee
e
 (3.55) 
3.4.3 Scattering Matrix for the Whole Periodic Structure 
After getting S matrix for all layers, we can calculate the S matrix for the whole periodic 
structure. We start from 2 layers. Assume that S  and S  are two S matrices as shown in Figure 3-
6.  
 
From the definition, we have 
  

















2
1
2221
1211
2
1
a
a
SS
SS
b
b
 (3.56) 
 





















2
1
2221
1211
2
1
a
a
SS
SS
b
b
 (3.57) 
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Figure 3-6: The connection of two two-port multi-mode networks. 
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Obviously, 21 ab   and 12 ab  , i.e.,  
 

















1
2
1
2
a
a
01
10
b
b
 (3.58) 
Therefore, we can write 
 











































1
2
2
1
1112
2221
2122
1211
1
2
2
1
a
a
a
a
S0S0
0S0S
S0S0
0S0S
b
b
b
b
 (3.59) 
Equation (3.59) can be divided into two sub-matrices: 
 





























1
2
22
12
2
1
22
11
2
1
a
a
S0
0S
a
a
S0
0S
b
b
 (3.60) 
 





























1
2
11
22
2
1
12
21
1
2
a
a
S0
0S
a
a
S0
0S
b
b
 (3.61) 
From (3.61) and (3.58), we obtain: 
 


























2
1
12
21
11
22
1
2
a
a
S0
0S
S1
1S
a
a
1
 (3.62) 
Substituting (3.62) into (3.60), we have 
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 














































2
1
12
21
11
22
21
12
22
11
2
1
a
a
S0
0S
S1
1S
S0
0S
S0
0S
b
b
1
 (3.63) 
Therefore, tS , the equivalent S matrix for the two layers can be obtained from (3.63). 
 



























12
21
11
22
21
12
22
11
S0
0S
S1
1S
S0
0S
S0
0S
S
1
t  (3.64) 
 
Repeating the above procedure, we may finally get totalS , the S matrix for the whole structure.  
 






l
2221
1211
SS
SS
S
totatotal
totaltotal
total  (3.65) 
Therefore, the reflection and transmission matrices are as follows: 
 total11SR   (3.66) 
 total21ST   (3.67) 
 
If we assume that the incident wave is the n
th
 surface wave mode of the input waveguide with 
power 1.0, then the reflected power Prm of the m
th
 mode in the input wavegiuide and the 
transmitted power Ptk of the k
th
 mode in the output waveguide can be determined respectively by 
 
2
mnrm RP   (3.68) 
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2
kntk TP   (3.69) 
3.5 Numerical Results and Physical Interpretations 
Based on the analysis of previous sections, we have carried out numerical calculations for an 
example. We still consider TM wave incidence case in all the simulations. 
3.5.1 Space Harmonics 
Considering the chiral grating shown in Figure 3-7, we arbitrarily choose the angle of incidence 
θ = 45o. We set d1 = d2 = d/2 and h/d = 1.8, and assume 1 = 2  = 0, c1 = 2.50 and c2 = 1.50. 
We also take 1 = 2 = 0.1 in the analysis. Only n = 0 space harmonic can propagate in the air if 
the normalized frequency variable k0h < 6.63; for k0h > 6.63, the n = -1 space harmonic in the air 
switches from cutoff to propagating along z; when k0h gets to 13.26, the n = +1 space harmonic 
starts to present in the air. In chapter 2, we restricted our discussion of wave reflection and 
transmission to the n = 0 space harmonic only. Here we will extend our interest to the n = -1 
space harmonic as well. 
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Figure 3-7: Chiral grating. 
 
As what we have discussed in Chapter 2, when a plane wave is incident on the top surface of the 
grating, some of its energy are directly reflected by the top surface while the rest of its energy 
will generate these Floquet modes which are multiply bounced up and down within the layer and 
leak out higher order reflected and transmitted waves in the air regions. At some frequencies, 
some of reflected or transmitted waves will add constructively in the air and peaks will occur; 
while at some other frequencies, they will add destructively and valleys will occur. These peaks 
and valleys are known as Wood’s anomalies which can be carefully explained by an alternative 
way associated with the excitation of leaky waves guided along the periodic layer. The chiral 
period layer can support waveguide modes and each waveguide mode consists of a series of 
space harmonics due to periodicity, one of which has propagation constant that is very similar to 
a mode in a uniform planar chirowaveguide having average parameters as shown in Figure 2-
3(a). This space harmonic is designated as the n = 0 space harmonic. Its wavenumber β0 along x 
is close to the wavenumber β of a waveguide mode in the planar chirowaveguide. 
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In Figure 3-8 and 3-9, we can find ten coupling regions, which are corresponding to the coupling 
of incident TM wave to waveguide modes R0, R1, R2, L0, R3, L1, R4, L2, L3 and R5, respectively. 
The center frequencies of the coupling regions satisfy the phase-matching condition  
 

sin
4
0k
d
 . (3.70) 
Or, in terms of the normalized frequency k0h,  
 

sin)
4
( 0hkh
d
 . (3.71) 
And we also get 
 2
0
2
0
)sin
4
()( 


hdk
h
k
. (3.72) 
 
The dispersion diagrams of the n = 0 space harmonic of these ten modes (R0, R1, R2, L0, R3, L1, 
R4, L2, L3 and R5) are approximately given in Figure 3-10. There are ten intersections with the 
curve of equation (3.72). It explains the ten coupling regions in Figure 3-8 and 3-9. These 
estimated normalized frequencies agree very well with the center frequencies of the coupling 
regions in Figure 3-8 and 3-9. 
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For k0h > 6.63, since the n = -1 space harmonic starts to propagate in the air, the power is not 
restrict to the n = 0 space harmonic. Instead, more and more power goes to the n = -1 space 
harmonic when frequency increases.  It is shown in Figure 3-11 that at k0h = 10, only 40% of the 
total incident power stays in the n = 0 space harmonic, while the rest of power switches to the n 
= -1 space harmonic.  
 
Figure 3-12 shows the angle of transmission for n = -1 space harmonic with respect to the 
normalized frequency k0h. After switching from cutoff to propagating, the beam of n = -1 space 
harmonic starts scanning from -90
o
 towards +90
o
. 
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Figure 3-8: For TM wave incidence, the normalized power for n = 0 space harmonic versus 
normalized frequency variable k0h from 6.63 to 13.26. Here 1 = 2  = 0, c1 = 2.50, c2 = 1.50, 
1 = 2 = 0.1, θ = 45
o
, d1 = d2 = d/2 and h/d = 1.8.  
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Figure 3-9: For TM wave incidence, the normalized power for n = -1 space harmonic versus 
normalized frequency variable k0h from 6.63 to 13.26. Here 1 = 2  = 0, c1 = 2.50, c2 = 1.50, 
1 = 2 = 0.1, θ = 45
o
, d1 = d2 = d/2 and h/d = 1.8.  
 
 
 67 
 
Figure 3-10: Dispersion diagrams for eigenmodes of planar chirowaveguide in Figure 2-3(a). 
These are approximate dispersion diagrams for the n = 0 space harmonic of waveguide modes in 
Figure 3-7 with 1 = 2  = 0, c1 = 2.50, c2 = 1.50, 1 = 2 = 0.1, θ = 45
o
, d1 = d2 = d/2 and h/d 
= 1.8. The dashed lines are 2
0
2
0
)sin
2
()( 


hdk
h
k
 and 2
0
2
0
)sin
4
()( 


hdk
h
k
, to check the 
phase-matching conditions. 
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Figure 3-11: For TM wave incidence, the power distribution between n = 0 and n = -1 space 
harmonics versus normalized frequency variable k0h from 6.63 to 13.26. Here 1 = 2  = 0, c1 = 
2.50, c2 = 1.50, 1 = 2 = 0.1, θ = 45
o
, d1 = d2 = d/2 and h/d = 1.8.  
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Figure 3-12: For TM wave incidence, the angle of transmission for n = -1 space harmonic versus 
normalized frequency variable k0h from 6.63 to 13.26. Here 1 = 2  = 0, c1 = 2.50, c2 = 1.50, 
1 = 2 = 0.1, θ = 45
o
, d1 = d2 = d/2 and h/d = 1.8.  
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3.5.2 Sinusoidal Interface 
In this section, we change the shape of the interface between two chiral materials to sinusoidal 
curve. As shown in Figure 3-13, this structure is composed of alternating chiral materials with 
dielectric constant 1 and 2, and chirality parameter κ 1 and κ 2. The chiral interface has the 
shape of a sinusoidal curve with period of d. The height of the grating is assumed to be h. The 
semi-infinite layers above and below the periodic layer are designated as air regions with 
dielectric constant 0. As indicated, the geometry of the structure is described in terms of 
rectangular coordinates x, y, and z with periodicity along the x axis.  
 
Let us consider a TM wave incidence with an angle of incidence θ = 45o. We set h/d = 1.8, and 
assume 1 = 2  = 0, c1 = 2.50 and c2 = 1.50. We also take 1 = 2 = 0.1 in the analysis. Only 
n = 0 space harmonic can propagate in the air if the normalized frequency variable k0h < 6.63; 
for k0h > 6.63, the n = -1 space harmonic in the air switches from cutoff to propagating along z; 
when k0h gets to 13.26, the n = +1 space harmonic starts to present in the air. In this discussion, 
we will consider the wave reflection and transmission of the n = 0 and n = -1 space harmonics. 
 
Figure 3-14 and 3-15 show the normalized power in the n = 0 space harmonic, with the 
normalized frequency variable k0h up to 13.26. We can find ten coupling regions, which are 
corresponding to the coupling of incident TM wave to waveguide modes R0, R1, R2, L0, R3, L1, 
R4, L2, L3 and R5, respectively.  
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For k0h > 6.63, the n = -1 space harmonic starts to propagate in the air. Figure 3-16 shows the 
normalized power in the n = -1 space harmonic. For k0h from 6.63 to 13.26, the power is not 
restrict to the n = 0 space harmonic, instead, it is distributed between the n = 0 and n = -1 space 
harmonics. More and more power goes to the n = -1 space harmonic when frequency increases.  
It is shown in Figure 3-17 that at k0h = 10, 45% of the total incident power stays in the n = 0 
space harmonic, while the 55% of power switches to the n = -1 space harmonic.  
 
 
 
Figure 3-13: Chiral grating with sinusoidal interface between two chiral materials. 
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Figure 3-14: With sinusoidal interface, for TM wave incidence, the normalized power for n = 0 
space harmonic versus normalized frequency variable k0h from 5 to 6.63. Here 1 = 2  = 0, c1 
= 2.50, c2 = 1.50, 1 = 2 = 0.1, θ = 45
o
, and h/d = 1.8.  
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Figure 3-15: With sinusoidal interface, for TM wave incidence, the normalized power for n = 0 
space harmonic versus normalized frequency variable k0h from 6.63 to 13.26. Here 1 = 2  = 
0, c1 = 2.50, c2 = 1.50, 1 = 2 = 0.1, θ = 45o, and h/d = 1.8. 
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Figure 3-16: With sinusoidal interface, for TM wave incidence, the normalized power for n = -1 
space harmonic versus normalized frequency variable k0h from 6.63 to 13.26. Here 1 = 2  = 
0, c1 = 2.50, c2 = 1.50, 1 = 2 = 0.1, θ = 45o, and h/d = 1.8. 
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Figure 3-17: With sinusoidal interface, for TM wave incidence, the power distribution between n 
= 0 and n = -1 space harmonics versus normalized frequency variable k0h from 6.63 to 13.26. 
Here 1 = 2  = 0, c1 = 2.50, c2 = 1.50, 1 = 2 = 0.1, θ = 45
o
, d1 = d2 = d/2 and h/d = 1.8. 
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3.5.3 Triangle Interface 
As shown in Figure 3-18, the structure under consideration is composed of alternating chiral 
materials with the interface of triangles. The dielectric constants for the two chiral materials are 
1 and 2, and chirality parameter κ 1 and κ 2. The period of grating is assumed to be d, and the 
height of the grating to be h. The semi-infinite layers above and below the periodic layer are 
designated as air regions with dielectric constant 0. As indicated, the geometry of the structure is 
described in terms of rectangular coordinates x, y, and z with periodicity along the x axis.  
 
Let us consider a TM wave incidence with an angle of incidence θ = 45o. We set h/d = 1.8, and 
assume 1 = 2  = 0, c1 = 2.50 and c2 = 1.50. We also take 1 = 2 = 0.1 in the analysis. Only 
n = 0 space harmonic can propagate in the air if the normalized frequency variable k0h < 6.63; 
for k0h > 6.63, the n = -1 space harmonic in the air switches from cutoff to propagating along z; 
when k0h gets to 13.26, the n = +1 space harmonic starts to present in the air. In this discussion, 
we will consider the wave reflection and transmission of the n = 0 and n = -1 space harmonics. 
 
Figure 3-19 and 3-20 show the normalized power in the n = 0 space harmonic, with the 
normalized frequency variable k0h up to 13.26. We can find ten coupling regions, which are 
corresponding to the coupling of incident TM wave to waveguide modes R0, R1, R2, L0, R3, L1, 
R4, L2, L3 and R5, respectively.  
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For k0h > 6.63, the n = -1 space harmonic starts to propagate in the air. Figure 3-21 shows the 
normalized power in the n = -1 space harmonic. For k0h from 6.63 to 13.26, the power is not 
restrict to the n = 0 space harmonic, instead, it is distributed between the n = 0 and n = -1 space 
harmonics. More and more power goes to the n = -1 space harmonic when frequency increases.  
It is shown in Figure 3-22 that at k0h = 10, 59% of the total incident power stays in the n = 0 
space harmonic, while the 41% of power switches to the n = -1 space harmonic.  
 
In the above example, since d1 = d2 = d/2, the intersection of the periodic structure in Figure 3-18 
consists of the isosceles triangles. Let’s change the shape of the triangle interface to Figure 3-23, 
where the structure is composed of alternating chiral materials with the intersection of right 
triangles. The semi-infinite layers above and below the periodic layer are designated as air 
regions with dielectric constant 0. As indicated, the geometry of the structure is described in 
terms of rectangular coordinates x, y, and z with periodicity along the x axis.  
 
Let us consider a TM wave incidence with an angle of incidence θ = 45o. We set h/d = 1.8, and 
assume 1 = 2  = 0, c1 = 2.50 and c2 = 1.50. We also take 1 = 2 = 0.1 in the analysis. Only 
n = 0 space harmonic can propagate in the air if the normalized frequency variable k0h < 6.63; 
for k0h > 6.63, the n = -1 space harmonic in the air switches from cutoff to propagating along z; 
when k0h gets to 13.26, the n = +1 space harmonic starts to present in the air. In this discussion, 
we will consider the wave reflection and transmission of the n = 0 and n = -1 space harmonics. 
 
Figure 3-24 show the normalized power in the n = 0 space harmonic, with the normalized 
frequency variable k0h up to 13.26. For k0h > 6.63, the n = -1 space harmonic starts to propagate 
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in the air. Figure 3-25 shows the normalized power in the n = -1 space harmonic. For k0h from 
6.63 to 13.26, the power is not restrict to the n = 0 space harmonic, instead, it is distributed 
between the n = 0 and n = -1 space harmonics. More and more power goes to the n = -1 space 
harmonic when frequency increases.  It is shown in Figure 3-26 that at k0h = 10, 85% of the total 
incident power stays in the n = 0 space harmonic, while the 15% of power switches to the n = -1 
space harmonic.  
 
 
Figure 3-18: Chiral grating with triangle interface between two chiral materials. 
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Figure 3-19: With isosceles triangle interface, for TM wave incidence, the normalized power for 
n = 0 space harmonic versus normalized frequency variable k0h from 5 to 6.63. Here 1 = 2  = 
0, c1 = 2.50, c2 = 1.50, 1 = 2 = 0.1, θ = 45
o
, d1 = d2 = d/2 and h/d = 1.8.  
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Figure 3-20: With isosceles triangle interface, for TM wave incidence, the normalized power for 
n = 0 space harmonic versus normalized frequency variable k0h from 6.63 to 13.26. Here 1 = 2  
= 0, c1 = 2.50, c2 = 1.50, 1 = 2 = 0.1, θ = 45
o
, d1 = d2 = d/2 and h/d = 1.8.  
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Figure 3-21: With isosceles triangle interface, for TM wave incidence, the normalized power for 
n = -1 space harmonic versus normalized frequency variable k0h from 6.63 to 13.26. Here 1 = 2  
= 0, c1 = 2.50, c2 = 1.50, 1 = 2 = 0.1, θ = 45
o
, d1 = d2 = d/2 and h/d = 1.8.  
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Figure 3-22: With isosceles triangle interface, for TM wave incidence, the power distribution 
between n = 0 and n = -1 space harmonics versus normalized frequency variable k0h from 6.63 to 
13.26. Here 1 = 2  = 0, c1 = 2.50, c2 = 1.50, 1 = 2 = 0.1, θ = 45
o
, d1 = d2 = d/2 and h/d = 
1.8. 
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Figure 3-23: Chiral grating with right triangle interface between two chiral materials. 
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Figure 3-24: With right triangle interface as shown in Figure 3-23, for TM wave incidence, the 
normalized power for n = 0 space harmonic versus normalized frequency variable k0h from 6.63 
to 13.26. Here 1 = 2  = 0, c1 = 2.50, c2 = 1.50, 1 = 2 = 0.1, θ = 45
o
, and h/d = 1.8.  
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Figure 3-25: With right triangle interface as shown in Figure 3-23, for TM wave incidence, the 
normalized power for n = -1 space harmonic versus normalized frequency variable k0h from 6.63 
to 13.26. Here 1 = 2  = 0, c1 = 2.50, c2 = 1.50, 1 = 2 = 0.1, θ = 45
o
, and h/d = 1.8.  
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Figure 3-26: With right triangle interface as shown in Figure 3-23, for TM wave incidence, the 
power distribution between n = 0 and n = -1 space harmonics versus normalized frequency 
variable k0h from 6.63 to 13.26. Here 1 = 2  = 0, c1 = 2.50, c2 = 1.50, 1 = 2 = 0.1, θ = 45
o
, 
and h/d = 1.8. 
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3.6 Conclusion 
In this chapter, we consider the wave scattering through a chiral periodic structure with arbitrary 
surface shape. The chiral region is discretized into a multi-layer structure. For each layer, it is a 
chiral periodic structure. We use similar method in chapter 2 to solve the eigenvalues and 
eigenfunctions of unbounded periodic chiral slabs in each layer.  Multimode network theory is 
used in the longitudinal direction to calculate the scattering matrices at the boundaries (air-chiral 
or chiral-chiral interface) and further combine them together to get the scattering matrix of the 
whole chiral periodic structure.  
 
In lower frequencies, only n = 0 space harmonic can propagate in the air. In chapter 2, we 
restricted the discussion of wave reflection and transmission to the n = 0 space harmonic only. In 
this chapter, we have extended our interest to the higher frequencies at which the n = -1 space 
harmonic in the air switches from cutoff to propagating along z. Numerical calculations have 
been done on several chiral periodic structures with different shapes of the chiral interface in the 
intersection. Table 3-1 lists the power distribution between the n = 0 and n = -1 space harmonics 
when the normalized frequency variable k0h=10. It is obvious that different shape results in 
different power distribution in each space harmonics.  
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Table 3-1: Power distribution between the n = 0 and n = -1 space harmonics when the 
normalized frequency variable k0h=10. 
Shape of the chiral interface 
in the intersection 
Power in the n = 0 space 
harmonic 
Power in the n = -1 space 
harmonic 
Rectangle 40% 60% 
Sinusoid 45% 55% 
Isosceles triangle 59% 41% 
Right triangle 85% 15% 
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CHAPTER 4. NON-PRINCIPAL INCIDENCE 
4.1 Introduction 
In previous chapters, we analyzed wave scattering by chiral periodic structures at principal 
incidence, i.e. 0


y
. Scattering at non-principal incidence, i.e. 0


y
, will be considered in 
this chapter.  
 
Figure 4-1 shows the geometry of the problem. This structure is composed of alternating chiral 
bars with dielectric constant 1 and 2, chirality parameter κ1 and κ2, and width d1 and d2. The 
height of the grating is assumed to be h. The semi-infinite layers above and below the periodic 
layer are designated as air regions with dielectric constant 0. As indicated, the geometry of the 
structure is described in terms of rectangular coordinates x, y, and z with periodicity along the x 
axis. We assume the grating is uniform and infinitely long in the y direction. 
  
Let a uniform plane wave be incident obliquely upon the grating. As depicted in Figure 4-1, the 
incident angles θ,  , and α are such that θ is the angle between the direction of the incident wave 
vector and the z axis,   is the angle between the x axis and the incident wave vector's projection 
on the xy plane, and α is the angle between the z axis and the incident wave vector's projection on 
the yz plane. This case of incidence is referred to as the case of non-principal plane incidence, 
where the y component of the incident wave vector ky ≠ 0. 
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Figure 4-1: A chiral grating with non-principal incidence. 

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4.2 Coordinate System Transformation 
Principal plane incidence has been studied in the previous chapters. To solve the wave scattering 
problem in the non-principal incidence, we first do coordinate system transformation. By 
coordinate system transformation, we derive the field solutions in the unbounded chiral grating 
in a new coordinate system, which is a principal plane incident case. Then the field components 
will be converted back to x, y, and z system. 
 
For the new coordinate system x, u, and v in Figure 4-2, it is offset by the incident angle α to the 
original x, y, and z system, so that u component of the incident wave vector ku=0. Therefore, 
when we analyze the wave scattering in the unbounded chiral grating, in the new coordinate 
system in Figure 4-3, 0


u
, it is back to a principal plane incidence. 
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Figure 4-2: Coordinate system transformation. 
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Figure 4-3: Unbounded chiral grating in the new coordinate system. 
4.3 In the Air Region 
In the uniform air region, for wave propagating in v and p directions, we have 
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where ′ is for TE mode and " is for TM mode. 
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then the transverse electric and magnetic fields are 
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4.4 In the periodic Chiral Slabs 
In the unbounded periodic chiral slabs shown in Figure 4-4, for wave propagating in v and p 
directions, we have 
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Then the transverse electric and magnetic fields are 
 
yik
cxx
yezIYxeE

 )()(  (4.23) 
   yikvuy
yezIxezVxeE

 )(sin)()(cos)(   (4.24) 
 
yik
cxx
yezIYxhH

 )()(  (4.25) 
   yikvuy
yezIxhzVxhH

 )(sin)()(cos)(   (4.26) 
 97 
    
Figure 4-4: Configuration of an unbounded periodic array of chiral slabs. 
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4.5 Mode-matching at Air-chiral Interface 
At the air-grating interface, the tangential field components must be continuous. It results in the 
mode-matching at air-chiral interface as 
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where quantities with overbars are in chiral media. Therefore at z = 0, the fields in (4.12)-(4.15) 
must be equal to those expressed in (4.23)-(4.26), respectively. Using the orthogonality relations, 
we have 
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The matrixes P, Q, and M are defined as follows: 
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Matrix Y is defined as 
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where 
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And matrix K is defined as 
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Therefore, (4.28) can be written as 
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4.6 Wave Scattering 
As derived in section 4.5, at air-chiral interface, we have  
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From ABCD matrix W as in (4.47), as we derived in section 3.4, we can easily get the 
corresponding S matrix.  
 
Assume the S matrix at the air-chiral interface z=0
+ 
is  
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Once the wave goes across the air-chiral interface, it will propagate in the chiral layer. Since it is 
nothing but phase change when propagating inside the chiral layer, we have (4.50) and (4.51): 
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Therefore, we can write the S matrix after extending the reference plane from z=0
+
 to z=h
-
 as 
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Now we have both the S matrix at z=h
-
 and the S matrix at the chiral-air interface z=h. To 
calculate the S matrix for wave scattering through the whole periodic structure, we need connect 
this two two-port multi-mode network together.  
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Figure 4-5: Each layer-layer interface is a two-port multi-mode network. 
 
 
Figure 4-6: Propagation in a layer: reference plane extension. 
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Figure 4-7: The connection of two two-port multi-mode networks. 
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Assuming that S  and S  are two scattering matrices as shown in Figure 4-7,  we have 
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Obviously, 21 ab   and 12 ab  , i.e.,  
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Therefore,  
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Therefore, totalS , the equivalent S matrix for the two layers in Figure 4-7 can be obtained from 
(4.56): 
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If we rewrite the S matrix for the whole structure in (4.57) as 
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We can get the reflection and transmission matrices as follows: 
 total11SR   (4.59) 
 total21ST   (4.60) 
4.7 Numerical Results and Physical Interpretations  
Let us consider a TM wave obliquely incident to the chiral grating (shown in Figure 4-1) from 
the air region above the grating. We set d1 = d2 = d/2 and h/d = 1.8, and assume 1 = 2  = 0, c1 
= 2.50 and c2 = 1.50. We also take 1 = 2 = 0.1 in the analysis. As we discussed in the 
previous chapters, only n = 0 space harmonic can propagate in the air if the normalized 
frequency variable k0h < 6.63; for k0h > 6.63, the n = -1 space harmonic in the air switches from 
cutoff to propagating along z; when k0h gets to 13.26, the n = +1 space harmonic starts to present 
in the air. In the examples in this section, we will restrict our discussion of wave reflection and 
transmission to the n = 0 space harmonic.  
 
We arbitrarily choose the angle of incidence θ = 45o. The numerical calculations have been done 
with different incident angle . Figure 4-8 and 4-9 show the results of the normalized power for 
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n = 0 space harmonic versus normalized frequency variable k0h from 5 to 6.63 when  = 0° and 
15°, respectively.  
  
In Figure 4-9, we can find five coupling regions, which are corresponding to the coupling of 
incident TM wave to waveguide modes R0, R1, L0, L1 and R2, respectively. The center 
frequencies of the coupling regions satisfy the phase-matching condition  
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Or, in terms of the normalized frequency k0h,  
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And we also get 
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The dispersion diagrams of a uniform chiral slab with parameters equal to the average of those 
for the periodic layer are given in Figure 4-10. They are good approximations of the n = 0 space 
harmonic of these five modes (R0, R1, L0, L1 and R2) of the chiral periodic structure shown in 
Figure 4-1. There are five intersections with the curve of phase-matching equation (4.63). The 
normalized center frequencies of these intersections are k0h = 5.26, 5.78, 6.01, 6.49 and 6.50. It 
explains the five coupling regions in Figure 4-9, where k0h = 5.35, 5.85, 6.00, 6.52 and 6.55. As 
 108 
we calculated in Table 4-1, the phase-matching condition (4.61) holds well at the center 
frequencies of these five coupling regions. 
 
Table 4-1: Phase matching verification for the five coupling regions in Figure 4-9. 
Coupling 
Region 
k0h 
( = 15°) 
Mode (2π/d-β)h k0hsinθcos 
1 5.35 R0 3.46 3.65 
2 5.85 R1 3.83 3.99 
3 6.00 L0 4.11 4.10 
4 6.52 L1 4.40 4.45 
5 6.55 R2 4.34 4.47 
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Figure 4-8: For TM wave oblique incidence, θ = 45o and  = 0°, the normalized power for n = 0 
space harmonic versus normalized frequency variable k0h from 5 to 6.63. Here 1 = 2  = 0, c1 
= 2.50, c2 = 1.50, 1 = 2 = 0.1, d1 = d2 = d/2 and h/d = 1.8.  
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Figure 4-9: For TM wave oblique incidence, θ = 45o and  = 15°, the normalized power for n = 0 
space harmonic versus normalized frequency variable k0h from 5 to 6.63. Here 1 = 2  = 0, c1 
= 2.50, c2 = 1.50, 1 = 2 = 0.1, d1 = d2 = d/2 and h/d = 1.8. 
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Figure 4-10: Approximate dispersion diagrams for the n = 0 space harmonic of waveguide modes 
in Figure 4-1 with 1 = 2  = 0, c1 = 2.50, c2 = 1.50, 1 = 2 = 0.1, θ = 45
o
,  = 15°, d1 = d2 = 
d/2 and h/d = 1.8. The dashed line is 2
0
2
0
)cossin
2
()( 


hdk
h
k
, to check the phase-matching 
conditions. 
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4.8 Conclusion 
Principal plane incidence was studied in the previous chapters. In this chapter, the discussion has 
been extended to the non-principal incidence. By coordinate system transformation, we derive 
the field solutions in the unbounded chiral grating in a new coordinate system, which is a 
principal plane incident case. Then the field components are converted back to x, y, and z 
system. Numerical results with different incident angles in the non-principal plane incidence 
have been presented. The center frequencies of the coupling regions can still be predicted by the 
intersections with the curve of phase-matching equation on the approximate dispersion diagrams. 
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CHAPTER 5. CONCLUSIONS 
We have studied wave scattering by chiral grating. At lower frequencies, a uniform chiral slab 
can be used as a simplified model. While at higher frequencies, we have found anomalous peaks 
and valleys which cannot be explained by the simplified model. But they can be explained by the 
excitation of leaky waves guided along the periodic layer. The incident wave will couple to a 
space harmonic of a waveguide mode when phase-matching condition satisfies and excite this 
waveguide mode. Once excited, this leaky waveguide mode will reradiate using the same space 
harmonic. Physical properties including the influence of frequency, angle of incidence and aspect 
ratio are discussed. We have found the chiral grating can be used as both a frequency selective 
device and a mode conversion device. 
 
The discussion starts from the simple chiral slabs to an arbitrary surface shape. Staircase 
approximation is introduced to change the curved structure to a multilayer structure. For each 
layer, it is a chiral periodic structure. We use FEM to solve the eigenvalues and eigenfunctions of 
unbounded periodic chiral slabs in each layer. Multimode network theory is used in the 
longitudinal direction to calculate the scattering matrices at the boundaries (air-chiral or chiral-
chiral interface) and further combine them together to get the scattering matrix of the whole 
chiral periodic structure.  
 
In lower frequencies, only n = 0 space harmonic can propagate in the air; while in the higher 
frequencies, higher order space harmonics in the air will switch from cutoff to propagating. 
Numerical calculations have been done on several chiral periodic structures with different shapes 
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of the chiral interface in the intersection. It is obvious that different shape result in different 
power distribution among the space harmonics.  
 
In chapter 4, the discussion is further extended from the principal plane incidence to the more 
general case of non-principal plane incidence by the coordinate transformation. We first derive 
the field solutions in the unbounded chiral grating in a new coordinate system, which is a 
principal plane incident case. Then the field components are converted back to x, y, and z 
system. Numerical results with different incident angles in the non-principal plane incidence 
have been presented. 
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